We study the Ruderman-Kittel-Kasuya-Yoshida (RKKY) interaction between two magnetic impurities embedded in p-doped bulk III-V semiconductors described by the 4 × 4 Luttinger Hamiltonian to obtain analytical expressions of the Heisenberg and Ising interactions, which shows beating pattern in range functions owing to the presence of multiple Fermi wave-vectors. The result, when applied to known relevant semiconductors, gives the Curie-Weiss temperature that matches closely with experimental observations. arXiv:1807.01967v1 [cond-mat.mes-hall] 
I. INTRODUCTION
An electric control of the spin degree of freedom of a charge carrier is one of the primary objectives in spintronics and quantum information processing. The inherent spin-orbit interaction (SOI) arises due to the relativistic effect, which can be controlled by the spatial inversion symmetry breaking external electric field. The SOIs in materials give rise to many exotic phenomena. For example, the intrinsic spin Hall effect (SHE) arises solely due to the spin-orbit coupling even in absence of any magnetic impurities. After the theoretical proposal of intrinsic SHE 1 in p-doped III-V semiconductors described by the Luttinger Hamiltonian 2 for the spin-3/2 valence band, there is a resurgent research interest on various properties of the Luttinger Hamiltonian 2 . This exotic phenomena has been realized experimentally in bulk n-doped semiconductors such as GaAs and InGaAs 3 as well as in two-dimensional hole gas 4 . The hole gas is preferred over electron gas in the study of spin-related phenomena. This is because the p-orbital states of the hole wave function reduces the contact hyperfine interaction 5, 6 . This in turn enhances the spin coherence time of the hole charge carrier 7, 8 . A large number of theoretical studies e.g. spin Hall conductivity 9 , wave packet dynamics [10] [11] [12] , Hartree-Fock analysis 13 , beating pattern in Friedel oscillations 14, 15 , magnetotransport coefficients 16 , electrical and optical conductivities 17 of the Luttinger Hamiltonian have been carried out in recent past.
The mechanism of interaction between two localized magnetic impurities in spintronics materials attracts considerable attention. The RKKY interaction [18] [19] [20] is an indirect exchange interaction between two magnetic impurities mediated by mobile charge carriers. This longrange spin-spin interaction plays a crucial role in magnetic ordering (ferromagnetic/antiferromagnetic) of the impurities and may help to understand the magnetic properties of the host system. The nature of the mobile carriers (e.g. helicity, energy dispersion, spinor structure etc) determine the characteristics of the RKKY interaction. The role of the RKKY interaction in other condensaed matter systems has also been studied extensively. For instance, magnetoresistance in multilayer structures 21 , topological states and Majorana fermions 22 .
The Rashba spin-orbit coupling effect on RKKY interaction has been rigorously studied in 1D [23] [24] [25] [26] , 2D 27-31 and 3D 32 electron systems. The strength of the range functions characterizing RKKY interaction in various systems oscillate with the distance between two magnetic impurities (R) and decays asymptotically as 1/R η with η being the system dependent exponent. The oscillation frequency (in units of the distance R) is determined by the density and effective mass of the charge carriers and material parameters.
There have been extensive theoretical [33] [34] [35] and experimental 36-46 studies on p-doped III-V ferromagnetic semiconductors such as GaMnAs, GaMnP and InMnAs with the Curie temperature T c <170 K. Several attempts have been made to explain the ferromagnetism using the RKKY exchange interaction 35, 41, 42 . It should be mentioned here that the exchange interaction in these systems is mediated by the valence holes, not by the conduction electrons. In these studies, the standard form of the RKKY interaction of 3DEG has been used, completely neglecting the band splitting due to spin-orbit interaction.
To the best of our knowledge, the study of RKKY interaction mediated by the states of underlying Luttinger Hamiltonian is still lacking. In this work, we provide an exact analytical expression of the mediated RKKY exchange interaction of 3D hole-gas (3DHG) that follows the 4 × 4 Luttinger Hamiltonian. It is in sharp contrast with the simple form of an equivalent, parabolic, 3DEG. Our result displays the explicit dependence on the relevant band structure parameters of the Luttinger Hamiltonian. Using the analytical expression of the range function, we determine the Curie-Weiss temperature T c which is very close to the observed experimental results.
The remainder of this paper is organized as follows. In section II we briefly describe the Luttinger Hamiltonian and its basic ground state properties. In section III we derive an analytical expression of the RKKY interaction in this system. In section IV we compute and compare the T c with experimental values and summarize our results in section V. Energy dispersion of heavy and light hole states for GaAs. We have used the Luttinger parameters given in Table I and hole density n h = 1.5 × 10 26 m −3 , which we use throughout this work.
The above Hamiltonian H 0 is rotationally invariant and commutes with the helicity operatorΛ = k · S/k so that its eigenvalues λ = ±3/2, ±1/2 are good quantum numbers. Here λ = ±3/2 and λ = ±1/2 correspond to the heavy hole and light hole states, respectively. Therefore, the eigenstates of the helicity operator are the same as the eigenstates of the Hamiltonian H 0 . The energy dispersion of the heavy and light hole states are given by
are the heavy and light hole masses, respectively. The two-fold degeneracy of heavy and light hole branches is due to the consequence of the space inversion and timereversal symmetries of the Luttinger Hamiltonian. Using the basis of eigenstates of S z and parameterizing k as k = k(sin θ cos φ, sin θ sin φ, cos θ), the eigenspinors |φ λ (k) for λ = 3/2 and λ = 1/2 can be written as
and
The remaining spinors for λ = −3/2 and λ = −1/2 can easily be obtained from Eq. (5) and Eq. (6) under the spatial inversion operations θ → π − θ and φ → π + φ.
Performing the standard procedure, the Fermi energy is given by (7) and the corresponding Fermi wave-vectors k h/l F for heavy and light-hole bands, respectively, are given by where k 0 F = (3π 2 n h ) 1/3 with n h being the hole density. Typical band-structure of the Luttinger Hamiltonian at low energy is shown in Fig. 1 .
which we use in the next section.
In presence of magnetic impurities, S j , at positions R j , we assume p-d type contact exchange interaction between the hole spin (s(r)) and the spin of the magnetic impurities as
with J pd is the strength of p-d exchnage interaction, whose dimension is energy times volume. Thus the total Hamiltonian of the system is H = H 0 + H p−d , The value of J pd ≈ 150 eV-Å 3 for Mn doped GaAs has been extracted from magnetotransport measurement 42 .
III. RKKY INTERACTION
The RKKY interaction between two spins S 1 and S 2 put at a distance R, at zero temperature, can be computed using second-order perturbation theory and it is expressed as follows
where Tr indicates a trace over the spin degree of freedom. The energy-coordinate representation of the Green's function is given by
where we use the Green's function as in Eq. (9) . Without loss of generality, we consider the spins along the z axis (i.e, R = Rẑ) and after some tedious algebra, we obtain the RKKY interaction, containing only the Heisenberg and the Ising terms as
FIG. 3. Comparison of the Heisenberg term of the RKKY interaction for Ga1−xMnxAs, calculated using 3DEG Hamiltonian with only one band together with different carrier mass (m h = 0.5m0) and using the Luttinger Hamiltonian for 3DHG with two degenerate bands together with two different masses m h and m l . Due to finite mean free path (l) of carriers, the response function decays exponentially. So we have also plotted the range function for the Heisenberg term with an exponential decay factor for Tc calculation (see Eq. (19)). Due to this exponential daecay, we require only few nearest neighbour distances (k 0 F R ≈ upto 3) to compute the Tc. Mean free path for 3DEG case l = 0.65 nm and for 3DHG case l = 0.4 nm.
where J H and J I denote range functions for the collinear Heisenberg and Ising terms, respectively. The noncollinear Dzyaloshinsky-Moriya (DM) 48, 49 coupling term is absent since the Luttinger Hamiltonian is invariant under spatial inversion. The detail derivation of J H and J I are given in the appendix, with the final form being
where, ζ λ F = k λ F R and δ = m l /m h < 1 and si(x) =
x 0 sin t t dt is the sine integral. It is evident from the above equations that the J H and J I oscillate with the distance between the spins, R, with multiple frequencies, giving rise to beating pattern. The variation of J H and J I for a typical set of parameters has been plotted in Fig. 2 . For large distances J H and J I (upto 1/R 3 term) can be approximated as
The separation (R) between impurities and the carrier density determine the nature of coupling (ferromagnetic/antiferromagnetic) between the magnetic impurities. The RKKY interaction of the hole dopped semiconductors is different in nature from that of in 3DEG, where such beating pattern is absent due to single band nature. It can be easily checked that the Luttinger Hamiltonian reduces to that of the conventional 3DEG by setting γ 1 = 1 and γ 2 = 0. In this limit, where m h = m l = m 0 and k h F = k l F = k 0 F , the Ising-like range function exactly vanishes i.e, J I = 0 and the Heisenberg-like range function J H reproduces the known result of the conventional 3DEG. The comparison of the two situation is plotted in Fig. 3 .
IV. MEAN-FIELD CURIE-WEISS TEMPERATURE
In the mean-field approximation, the Curie-Weiss temperature T c can be determined by the RKKY interaction, as given by
where x is the magnetic dopant concentration, S = 5/2 (for Mn +2 state) and spatial average of the Hesinbergtype response J eff H is given by
Here z r is the number of r-th neighbors (Ga-Ga), l is carrier transport mean-free path which is introduced as an exponential factor in the effective interaction to taken into account the fact that carriers can not pass the information from one magnetic impurity to other magnetic impurities which are situated at distances greater than the mean-free path of the carriers. The carrier density of p-doped (Ga,Mn)As can be varied between n h = 10 24 − 10 26 m −3 . The 200 nm thick samples of (Ga 1−x Mn x )As with the Mn concentration 0.015 < x < 0.071 were made on an (Ga 0.9 Mn 0.1 )As buffer layer on semi-insulating GaAs (001) substrates in Refs. 41 and 42. Here we present, in Table II , the calculated T c for different fractions using Ω unit = a 3 with lattice constant a = 5.65Å and J pd = 150 eVÅ 3 . Mean free path of the carrier holes is taken as l h = 0.4 nm. Whereas, for GaP, another indirect band-gap semiconductor, the estimated parameters are following: the lattice constant a = 5.451Å and the inelastic mean free path to be about 0.53 nm 45, 46 . For sample of GaP with same carrier (hole) density mentioned earliar, we report the values of the Curie-Weiss temperature when the sample is doped with Mn, (i.e, for Ga 1−x Mn x P) in the same Table- II. We have taken J pd = 100 eVÅ 3 for GaP which gives result consistent with experimental findings 41, 42 .
The RKKY interaction through the underlying Luttinger system is markedly different from a 3DEG system, although the resultant T c computed from either system may match closely. This is because of the small mean free path of the relevant semiconductors. The long range features such as the beating pattern do not have a strong contribution in T c as the range function is now multiplied by an exponentially decaying function, as shown in Fig. 3 . This is the reason for successful prediction of the Curie-Weiss temperature in previous studies based in 3DEG modeling of these systems.
We have also computed the transition temperature T c using the temperature dependence of the RKKY interaction 50 given by
For the relevant parameters, J H (E F , R, T ) depends weakly on the temperature, as shown in Fig. 4 solves Eq. 18 self-consistently to find the transition temperature T c . As J H depends weakly on temperature, the resulting finite temperature estimation of T c do not differ significantly from what is presented in Table II .
V. SUMMARY AND CONCLUSIONS
In this work, we have studied RKKY interaction in p-doped bulk 3DHG, described by the Luttinger Hamiltonian. The analytical form of the interaction, as in Eq. (14) and (15) , describes the effect of the multiple bands through the presence of multiple frequency of oscillation giving rise to beating pattern in the range functions. The mean field calculation of T c using these forms for suitable semiconductors results in values that agree with experimental observations, where the spin-spin correlation we found to be insensitive to temperature for small distances of a few lattice spacings.
Appendix A: Derivation of RKKY interaction
In this section we provide detail derivation of the RKKY interaction. For convenience, we choose R = Rẑ with R = |R 1 − R 2 |. It should be noted here that our results are the same for any arbitrary direction of R. The Green's function G(±R, ω + i0 + ) is reduced to the following diagonal matrix: 
Considering R > 0 and performing the three dimensional integrations, we obtain
and 
Using Eq. (A1), Eq. (11) can be reformulated as
where the integral expressions of J H and J I are
2π Im − 6si(2ζ h F ) + 18δ 2 si(2ζ l F ) + 6(1 − 3δ 2 )si(ζ h F + ζ l F ) .
Here, si(x) =
x 0 sin t t dt is the sine integral. The Luttinger Hamiltonian reduces to that of the con-ventional 3DEG by setting γ 1 = 1 and γ 2 = 0. Thus m h = m l = m 0 and k h f = k l f = k 0 f , the Ising-like range function exactly vanishes i.e . J I = 0 and the Heisenberglike range function J H reproduces the known result of the conventioal 3DEG which is as follows:
